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HIGHER ORDER TEMPERATURE COEFFICIENTS OF THE EIASTIC
STIFFNESSES AND COMPLIANCES OF ALFPHA-QUARTZ

R, Bechmann
A, D, Ballato
T. J. Iukaszek

DA Task No, 3A99-15-001-02

Abstract

The first-, second-, and third-order temperature coefficients
of the elastic stiffnesses and compliances of alpha—quartz have been
determined using thickness modes of double-rotated quartz plates
based on the Christoffel theory of thickness vibrations, The tempera-
ture dependence of all possible thickness modes can be calculated from
the values of the elastic stiffnesses and their temperature coeffic=-
ients as derived during this investigation. A curve showing the locus
of the first~order zero temperature coefficient of frequency of thickness=-
shear modes has been calculated and compared with experiments. The
second=- and third-order temperature coefficients of frequency of the
first-order zero quartz cuts are given. Applications to AT, BT, CT,
and DT cuts are made by comparing the calculated with the experimental
values which characterize the frequency temperature behavior of crystals,
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HIGHER ORDER TEMPERATURE COEFFICIENTS
OF THE
ELASTIC STIFFNESSES AND COMPLIANCES OF ALPHA-QUARTZ

INTRODUCTION

The general theory of the propagation of plane waves in anisotropic media, as derived by
Green {1] in 1839, results in three possible types of plane waves for any direction of propaga-
tion, each wave having a different velocity and the three directions of vibration being mutually
perpendicular.

In 1877 Christoffel [2] wrote the differential equations of motion governing plane waves
in terms of strain instead of stress. The six so-called Christoffel moduli I'jix which are combina-
tions of the 21 stiffnesses c), (A« = 1,2...,6) and the direction cosines of the wave propagation
were thereby introduced. In order to describe plane waves in a general triclinic material, only
the six so-called Christoffel moduli are required as the strain components perpendicular to the
direction of propagation are prohibited by lateral inertia.

The solution of the three second-order differential equations derived by Christoffel leads
to three resulting stiffnesses ¢y (m =1, 2, 3) which are related to the velocities of wave prop-
agation and the directions of the displacements which are generally neither parallel nor per-
pendicular to the direction of the wave propagation.

The resonance frequencies of thickness modes of an infinite crystal plate, based on
Christoffel’s equations, were derived in 1932 by Koga [3] in closed form, but correspondingly |
simple solutions for the thickness modes cannot be obtained for a bounded plate. The equations
for thickness-shear and flexural vibrations of crystal plates have been solved in a series of
papers by Mindlin [4]. Koga's solution, however, can be considered a zero-order approxima-
tion, and the resulting stiffness ¢y, leading to values of the wave velocity for each of the
three thickness modes of motion, approximates frequency expressions close to the values
obtained by a higher approximation. The approximate equations can be used to determine the
higher order temperature coefficients of the elastic stiffnesses.

The first-order temperature coefficients of the stiffnesses and compliances of alpha-quartz
were originally derived by Bechmann (5] in 1934, based on Christoffel’s theory, using meas-
ured values for the temperature coefficients of frequency of thickness modes of plates and
extensional modes of bars in the 20° to 60°C temperature range. These temperature coefficients
of the stiffnesses are of interest for practical application. The first-order zero temperature
coefficients of frequency of AT- or BT-type quartz plates, for example, can be calculated using
these values. The temperature coefficients of the elastic stiffnesses are not linear with temper-
ature in a wider temperature range, and temperature coefficients of higher order have to be taken
into consideration by use of a power series. It is sufficient to determine the first three orders
of temperature coefficients of frequencies and stiffnesses to obtain satisfactory agreement be-
tween measurements and calculations. Difficulties would be encountered, however, if the tem-
perature dependence were described using temperature coefficients of orders higher than three.

A modified theory cf elasticity was considered by Laval [6] in 1951, and later by others,

proposing that the asymmetrical part of the stress tenscr enters into the constitutive relations,
thereby increasing the number of elastic constants compared with the classical theory.
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Laval’s theory of elasticity demands, e.g., for the crystal class Dag, two different stiff-
nesses cq44 and c77 instead of the elastic-shear stiffness c44. Jaffe and Smith (7] have car-
ried out new measurements on ammonium dihydrogen phosphate by two methods: (1) measure-
ments of the piezoelectric resonances, and (2) measurements using the pulse echo method, both
giving the shear elastic stiffnesses directly, Measurements of shear wave velocities by the two
simple methods show the velocities of the two waves involving shear between the Y- and Z-
axes to be equal well within the experimental error limits,

According to Laval’s theory of elasticity the number of elastic constants for the crystal
class D3 is increased by c55 # c44 and c17. Zubov and Firsova [8] carried out a new deter-
mination of the elastic stiffnesses of quartz using the increased number of elastic stiffnesses.
Their values fall within the limits of accuracy of measurements. The experimental values for
the frequency constants of various quartz plates vibrating in thickness modes, and previously
used for determination of the elastic stiffnesses given by Bechmann [9], have been recalcu-
lated with respect to the new theory. He found that the values for ¢, and cxg, cq4 and ¢ 5
are so close and so critical that from an experimental point of view, no conclusions can be
drawn nor decisions made as to whether the classical theory or the Laval theory is valid.
Recent studies by Mindlin {10] show that the principles of conservation of momentum and
energy are not fulfilled by Laval's theory. In the following, determination of the temperature
coefficients of the stiffnesses is based on the classical theory of elasticity. Figure 1 shows
the measured frequency-temperature behavior of the AT, BT, CT, DT, and RT cuts and, in
addition, the so-called optimum angle of an AT cut, so defined that its frequency temperature
dependence, in the temperature range —40° to 80°C, for example, is reduced to & minimum.
Table 1 lists the angles of orientation & for these cuts and the valugs for their second- and
third-order temperature coefficients of frequency b and ¢ respectively.

CHRISTOFFEL'S THEORY OF PLANE ELASTIC WAVES IN CRYSTALS
Christoffel's theory of the propagation of plane elastic waves in crystals is well known

and treated in many papers and text books [11]. It is therefore unnecessary to repeat this
theory.

The differential equation for plane waves in anisotropic media is written considering one
dimension, that of the propagation s with the direction cosines a;, ag, a3 in the form

3% 3%
e o =
£ 2 3sd 0, M
where c is
¢ = [yyp? + Tgga? + Tyard + Touqr + Ty + Tygpq (@)
and
My = % Cijkl &R (3)
]

the Christoffel stiffnesses, a combination of the atiffnesses c;, and the direction cosines. The
constants p, g, r, when normalized by p? + g +r2 =1, are the direction cosines for the dis-
placement ¢ {. To solve Eq. (1) for an infinitely extended plate, the boundary conditions for
the free plate
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have to be introduced.

When considering the propagation of elastic waves in a piezoelectric material, an addi-
tional piezoelectric stress due to the electric field E must be introduced. The elastic properties
of an ionic lattice, which cannot be discussed separately, must be considered in conjunction
with the theory of piezoelectric and dielectric effects. Because of the coupling of the strain
and stress tensors with the vectors of electric field and electric dlsplacement a slight modifi-
cation of the elastic stiffnesses c), = c).F occurs, becoming c),Ps where Dy refers to con-
stant normal displacement. For infinite plates, on the basis of Maxwell's equation, Dpormal
( =Dg) and Emngem must be continuous and therefore the related coefficients C)i'f‘ and ["jx are
mixed with D =0 normal to, E = 0 parallel to, the wavefront. Consequently, I” becomes
"ixP, the direction cosines of the displacement change, and the resulting stxffnesses cmF
become c,P. Between the displacement £(p, q, r) and the resulting elastic stiffness c, the
system of linear equations exists:

]

Plyy + alyp + Ty = pe
Pllig + qlgy + g3 = qc (3a)
Pli3 + allgg *+ elg3 = re.

The secular equation defining the three resulting stiffnesses cy, of a piezoelectric mate-
rial as a consequence of Eq. (3a) is given by

FPs_gPs TppPs I 13Pe
[yoPs CaaPsePs  ToaPs
als Coals aaPs_cPs
ThFoe®s Tyof Cya® E, “
= M e® r 2E Ps  To® B2 | .,
) isE P FaaF_cPe By o
] g, -3 e

The expressions for [";,F and 7, Ps at constant electric field and constant normal displace-
ment, respectively, in these equations are related by

w
m

1
rikDS = rikE A ' (5)

€s
The direction cosines ps. g+, r+ (= =1,2,3) can be calculated from any two of the three equa-

tions (3a), for example, from the second and the third equations of (3a), one obtains

Py = [((Cop = ©)) (Tag ~ ) ~Tg3l,

1

f|_. Fl- =)

q, (Ty13Tog = Tig (Taz - e,
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W, = {[(Typ = ¢)) (Mg ~ ¢,) -Tp3%12
+ [Pyalg3 ~ T1o(Ta3 ~ )2
+ [M1glgg = TygCap = e ?)

The effective piezoelectric constant, corresponding to the eigenvalue cy,, is

%.

®m =i%ﬁim 'Ei\’

where the direction cosines B for the displacements follow from Eq. (4). When the components

of the third-order piezoelectric tensor are written with three indices, the following conditions
hold:

©nkl -~ ©n ik

reducing the possible 27 combinations of coefficients to 18. Similarly, when the components of
the fourth-order stiffness tensor are written with four indices, the following conditions hold:

Ciikl - ik Skl T SGik T Cklij  Cklji o Clk,ij - Clk,ji o

reducing t.e 81 possible combinations of the indices to 21. The following table shows the
scheme used for converting the double indices i,j (i,j =1,2,3) to a single index u (u =1,
2...,6).

i) p
11 -1
22 - 2
33 - 3
23 - 4
31 -5
12 - 6

The expressions for Christoffel’s stiffnesses ['jy =T, (i,k = 1,2,3), the piezoelectric

stress constants 8} (1 = 1,2,3), and the permittivity eg of a general triclinic crystal as given
in Eq. (4) follow from Table 2, e.g.,

2 2

2 2
i1 = cypey  * Cg®2 * Chgoey

+ +

'2(‘561243 ‘2C51-3¢1 + Cig%yag - (6)
This scheme reduces considerably for quartz which belongs to the trigonal crystal class Dj.
The stiffnesses ¢y, ¢33, c12, €13, C44, C14 are finite. The following relationships hold: coo =
C1ys 55 =44, €6 = %2 (11~ C12), €13 g3 and ~ coq Zc56 = 4. Further, c15 Z¢45 =
Cog Tc9g “cas “cag - 0. The piezoelectric constants are zero except ej; = — €19 = ~ @9¢
and e14 = — eox. For the dielectric constants ¢35 = <1y and €19 = €13 = €9y = fg3 = €31 =

€390 =0 hold. The scheme of the Christoffel stiffnesses "jy, the piezoelectric stress constants

£, and the permittivity g reduces for the trigonal crystal class D3, which includes alpha-
quartz, to the scheme shown in Table 3.

Considering the eigenfrequencies « = 2=f of an infinitely extended plate vibrating in thick-

, . P . . kt _
ness modes, introducing c z—kg , and taking into account the boundary conditions cos"‘g—-— 0
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. .kt _nm .
having the solution -5-= -2—; the frequency in first approximation is

, (m = 1,2,3) ™

where n is an odd integer. Correction terms, due to the piezoelectric effect and coupling with
flexural modes, are omitted. The frequency f;,(®) for the nth overtone for mode m is determined
by the eigenvalue cmPs, the thickness of the plate t, and the density p. For practical purposes
it is more convenient to consider the frequency constant N = f-t, rather than the frequency, as
the frequency f and the thickness t are the measured quantities. Generally, three solutions for
the frequency fr (m =1, 2, 3) of the thickness vibrations and their overtones exist for each
individual plate and in the following are designated as modes A, B, and C. Mode A is essen-
tially the thickness-extensional mode while B and C are essentially thickness-shear modes.
The frequencies for each plate always follow in the sequence fp > fg > fc.

The equation for the temperature behavior of the frequency can be developed in the fol-
lowing power series

f-f, A 3
T e— 5_' n) - n 8
T = THY (T - T,)", (8)
where
1 onf
Tfn) = — (-Ln) (8a)
n' fo T T = To ’

T®) (n =1, 2, 3) being designated a, b, and c respectively. T is the variable temperature and
T, the reference temperature.

The relationships between the first-order temperature coefficients of frequency Tf¢ D and
the first-order temperature coefficients of the stiffnesses Tc >\“(” are given by

QTf(” = Tc(l) - TP(” _ QT[(“; (9)

the relations for the second-order temperature coefficients of frequency and stiffnesses are

2[THD - 1YTHM?2)] = T - T2 - oTt(2
: (10)
ST M2~ (T2 - 2T )

and for the third-order

il

[T — T 4+ 1/3(Tf<”)3] T3 — TA3 - am®

— (TDTeD o TATAD - oTe2T( D] (11)

+

1/3 (TP = (TAM3 - T3,

where Tp = ~(2ayx + az) and ax and a, are the expansion coefficients. Tt is the temperature
coefficient of the thickness of the plate. The essential term in these equations is the



temperature coefficient of the eigenvalue Tc determined by Eqs. (9) to (11); however, the terms
resulting from the dimensions of the plate may be considered as corrections.

The elastic stiffnesses, the resulting elastic stress constants, and the first-order tempera-
ture coefficient of frequency have been calculated using a Burroughs 220 computer as a func-
tion of‘the orientation angles ¢ and & for quartz in the interval

--90° < 6 < +90°, 0° < ¢ < +30°.

The intervals of calculation were A6 = 1° and A¢ =1°, The orientation of a plate is shown in
Fig. 2. The direction cosines aj (i =1, 2, 3) defining the normal of the plate are given by

a; * sin ¢cos €
ag = cos ¢cos £
ag = sin &

when the Z-axis is chosen as the axis of the polar coordinate system and the angle ¢ is taken
from the X-axis. Figure 3 shows the frequency constants Ny, in kc-mm, the first-order tempera-
ture coefficient of frequency Tf,(! in 10-6/°C and the piezoelectric stress constant ep, in 104
esu cm2, as plotied for modes A, B, and C corresponding tom =1, 2, 3. The IRE notation [13)
was used in these curves and throughout this report in describing a generally rotated plate as
shown in Fig. 2 for the RT cut. By use of this notation, the Y cut is defined as ¢ =0°, 6 =0°;
an AT cutby ¢ =0°, € =35°; the BT cut as ¢ =0°, £ =—49°. The curves in Fig. 3 are plotted
for the azimuth # =0°, 6°, 12°, 18°, 24°, and 30°. From these curves three dimensional models
have been made which are shown in Figs. 4-12.

METHODS AND EQUIPMENT FOR MEASUREMENTS

The measurements carried out included: 1) frequency measurements of the three modes of
vibration at room temperature, and 2) frequency-temperature dependence of these three modes in
an extended temperature range.

The frequency range for these three modes of vibration were approximately 4 to § Mc with
fa >fg >fc. Most of the crystals were excited in a Cl Meter Type TS 330,'TSM. A Heegner
oscillator [ 12 was used sometimes to excite modes whose activity was too low for excitation
in the CI Meter. The frequencies were determined with a Hewlett-Packard Counter, Model 524B.

The apparatus used for measuring the dependence of cryvstal frequency on temperature
included: 1) a small aluminum cylinder having two cavities, with a canned crystal unit inserted
in one of the cavities and a thermocouple in the other; 2) a calibrated precision bridge to deter-
mine the temperature; 3) a wire heating element which was wound around the aluminum cylinder;
and 4) a well-insulated Dewar flask containing liquid nitrogen.

Measurements of the frequency-temperature behavior were conducted as follows: in order
to obtain a very low initial temperature, the cylinder containing the crystal and a thermocouple
were lowered into the flask containing liquid nitrogen. After the temperature within the two
cavities approximated the temperature of liquid nitrogen, the liquid nitrogen was removed and
the flask containing the cyvlinder was sealed to stabilize the temperature within the flask at the
desired temperature. By means of the heating element described above and controlled by a
variac, the temperature was gradually increased and frequency readings were taken at 5°C inter-
vals over the temperature range of approximately —196° to +170°C.

DETI.']RMINATION OF TEMPERATURE COEFFICIENTS OF STIFFNESSES
AND COMPLIANCES OF ALPHA-QUARTZ

A large number of crystals vibrating in fundamental thickness modes and oriented at
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different angles have been investigated with respect to their frequencies and temperature
behavior at USAELRDL. In this report the IRE rotational symbol (yxwl)¢6 is used to describe
a generally rotated plate* [13]. Figure 2 shows schematically the orientation angles ¢ and

@ for double-rotated quartz plates and, particularly, for the so-called RT cut having an orienta-
tion of ¢ = 15° and & = —34°30'. Most of the crystals were oriented at negative & angles and
various ¢ angles. The plates were square and had a length and width of approximately 0.5 inches,
their edges were bevelled, and the blanks mounted in HC-6 holders. The plate thicknesses were
edjusted so that in all cases, mode B was calibrated at the 5-mc frequency.** Some crystals
oriented at positive angles of 6 and at about ¢ = 20° were also investigated. The orientation

@ = 20°, 6 = 34°20' is known as the IT cutt [14] when vibrating in the C mode. "Several
crystal plates with the orientation (xy)8 (6 = 0° to 60° at 10° intervals), (rotated X cuts) have
been made at USAELRDL.

The values for the frequency constant N of the three fundamental modes A, B, and C were
calculated using Eq. (4) and the recently published values for c) , of quartz [9]. The elastic
stiffnesses are given in Table 4 (mks units are used throughout this report), together with a
new determination of the stiffnesses by Mindlin and Gazis [15]. Although the formulae on
which the determination by Mindlin and Gazis is based do not include the piezoelectric and
thermoelectric terms, they do account for mechanical coupling. The values derived by Mindlin
and Gazis coincide most closely with the stiffnesses given by Bechmann [9] for both constant
electric field and entropy and constant electric displacement and entropy.

The measured crystals had large electrode separations in order to obtain closer agreement
between the measured and observed values.

The values for the temperature coefficients of the elastic stiffnesses Tc) , are dependent
on the accuracy of the measurements of the temperature coefficients of frequency Tf.. It is well
known that the temperature coefficients of frequency depend slightly on: state of the plate

. . . @
measured, e.g., the form of the plate (circular or square); the electrode size (ratio _tiwhere de

is the diameter of the electrode and t is the thickness of the plate); the electrode separation
(whether an air gap or plated blank is used); the order of overtone which changes the zero angles
for the first-order zero temperature coefficients Tf(!); the bevelling of the plate which is nec-
essary to avoid coupling with other modes which gives rise to errors; and the drive level of the
resonator. Further, there are slight differences between the temperature coefficients of natural
and synthetic quartz. Finally, the temperature coefficients of the stiffnesses are dependent on
the approximation of the solution of the equations on which the determination is based.

Some previous investigations of the frequency-temperature behavior of double-rotated
quartz crystals were conducted by Saunders and Hammond [16] based on the earlier calcula-
tion by Bechmann [5].

The frequency-temperature dependence of the quartz blanks mentioned was measured in the
temperature range ~196° to +170°C. All blanks used for frequency-temperature measurements
were plated. The resulting frequency curve was developed in a power series with respect to the
reference temperature T, =25°C up to the third order. The first-, second-, and third-order tem-
perature coefficients of frequency a, b, and ¢ of a number of these crystals, which were used for
the determination of the temperature coefficients of the stiffnesses, are also listed in Table 5.

*From this rotational symbol, the appropriate coordinate transformation can be easily derived [29].

**Most of these crystals were fabricated by McCoy Electronics Company, Mount Holly Springs, Pa.” The
accuracy of the orientation angle was better than 10’ for the ¢ angle and better than 5' for the 6 angle,
accordirg to the manufacturer.

tThese IT-cut crystals were furnished through the courtesy of Scientific Radio Products, Inc,,
Loveland. Colorado.



This table gives some of the measured and calculatec values for the first-, second., ani -mi~i.
order temperature coefficients a, b, and c, respectively, for modes A, B, and C. Cry<uiis
marked * indicate that the temperature coefficients of frequency of all three modes A, B. C
have been measured. The calculation of the values for Tcx (™ (n = 1, 2, 3) following from

Eq. (4) by differentiation with respect to the temperature was made using a Burroughs Datatron
220 Computer.

The newly determined first-order temperature coefficients of the stiffnesses Tcyy(D,
TceslY, and Teyql D) are considered very accurate, as the values follow from rotated plates
(yx1)6.  The behavior of the AT and BT cuts, their orientation angles for the zero temperature
coefficient of frequency and the change of their temperature coefficients with respect to the
angle 6 are very well known [17] (see Table 6). In addition, the Y cut (yx) which has a first.
order temperature coefficient of frequency of 92.5.107%,/°C has also been used.

When the angles for the first-order zero temperature coefficient of frequency are used,
=35°15" for the AT cut, and -49°13' for the BT cut, and for the slope of the AT cut

= ~5.15'10"8°C,"° &, the values in the first column of Table 6 are obtained. By exciting a

\))“'CD
aleo

high overtone [18] or using a large clectrode gap, the zero angle 7, for the AT cut is shifted

. . ca
to 33722 and for the BT cut to —49°40’ 2nd, assuming the same slope of S- = -5.15°10"5"
°C "*Z for the AT cut, values for Tcy3(1, Tcgg' P, and Teq(! are obtained as shown on the
right-hand side of Table 6. The difference between the two groups of values is also listed in
Table 6 and this may be considered as the accuracy for determination of the temperature coef-
ficients of the elastic stiffnesses TC44( ' Tege' D, and TcH“‘.

Teq' ! follows from the X cut (x%l vwhich has a value for the temperature coefficient of
frequency of TED = =20.108°C. Tc33{! was determined using the zero angles for the double-
rotated plates (vxwl)*~ as listed .n Table 5. Since the value for Tc13(!) has a small influence
on the temperature behavior, it therefore cannot be considered as accurate.

Table 7 lists the newly determined values for the first-order temperature coefficients of
the elastic stiffnesses for alpha-quartz compared with some earlier determinations. The values
listed in the columns headed **Koga et al., 1958"" of Tables 7, 8, and 9 are calculated from
the expressions

A ~9A <aA

A cC 1 >7¢ dl 23¢

c T —, — ,———.and = =
4.7 2T 2 372 6 3T3

given in their paper. It should be mentioned that the values for the temperature coefficients of
the stiffnesses given by Atanasoff and Hart 20 contain an error as they assumed that for
quartz c56 # c14 and obtained the erroneous values Tci4' ! = 1071076 and Tes6l!) = 78:10°6,
The reason for this discrepancy is that the piezoelectric effect was not taken into account. The
values for the stiffnesses given by Atanasoff and Hart 20! have heen corrected by Lawson
[21] resulting in c56 =c14 when considering the piezoelectric effect. However, he did not
correct the values for the temperature coefficients of the stiffnesses. Their value for TC56( D

is omitted in Table 7.

The second- and third-order temperature coefficients of the elastic stiffnesses have been
determined using the experimental values for the AT and BT cuts 717] and the newly observed
values for the frequency dependence of the double-rotated plates. Table 8§ lists the second-
order temperature coefficients of the elastic stiffnesses and Table 9 the third-order temperature
coefficients of the elastic stiffnesses. Both tables contain corresponding values from earlier
determinations by Mason :19], [22] and Koga, et al. [24].



The compliances s) , and their first-, second-, and third-order temperature coefficients
Ts) . were calculated from the values of the stiffnesses c) . and their temperature coefficients
Tc . using the well-known relationships between the stiffnesses and compliances

s - s YL A=
S\ Cyp = =
AT Cur Ap 0L AFp

from which the relationship

6 n 0 n>0
(n-p) Py =
KEI p>=:o ch, Say (Tey (WP + Ts, (P)

follows.

The values for the compliances s) ., are given in Table 10. The first-, second-, and third-
order temperature coefficients of the elastic compliances Ts) ., which have been calculated
from the temperature coefficients of the stiffnesses as given in Tables 7, 8, and 9, are listed
in Tables 11, 12, and 13. For comparison, some values from earlier determinations are shown
in these tables. All new values for the temperatyre coefficients of the stiffnesses and com-
pliances refer to 25°C. The values for the stiffnesses and compliances, as determined by
Bechmann [9] and «iven in Tables 4 and 10, refer to 20°C. It should be mentioned that all
‘“‘new’’ values for the temperature coefficients of the stiffnesses Tcj #(“", obtained from meas-
urements of thickness modes, and those of the compliances calculated from the stiffnesses are
values at normal constant displacement Ds. The differences hetween T, #(“’E, the isagric
values, and Tc,\#(“)DS are within the limits of accuracy of measurements of the temperature
dependence of these plates.

APPLICATIONS TO DOUBLE-ROTATED QUARTZ PLATES

Since the temperature coefficients of the stiffnesses are known, the temperature hehavior
of thickness modes of any orientation can be calculated from these values. Altitude charts for
the first-, second-, and third-order temperature coefficients of frequency for the C mode are
given in Figs. 13, 14, and 15 respectively, and it can be seen from Fig. 13 that there is a con-
tinuous series of orientations for the thickness mode C of plates having a first-order zero tem-
perature coefficient of frequency for all values of £ (0° to 30°) at both positive and negative
angles of & adjoining the AT cut at & =0° and ¢ = 35°. Similar charts showing the distribution
of the temperature coefficient of frequency for mode B are given in Figs. 16, 17, and 18. At
negative angles of &, mode B exhibits a continuous series of first-order zero temperature coef-
ficients in the range # =0° to 14° at two angles of ~, both on the negative side adjoining the
BT cut at ¢ =0° and & =—49°. The curves for the first-order zero temperature coefficient of
frequency for modes B and C as seen in Figs. 13 and 16 are identical with the curves shown
in Figs. 19 and 20,

Fig. 19 shows the calculated locus of the first-order zero temperature coefficients of
frequency for modes B and C in a rectangular coordinate system compared with some measured
results. The values for the mode C are indicated by X, those for the mode B by ©. The agree-
ment between the calculated and measured zero angles is better than 3 percent and, taking
into account the uncertainties mentioned ahove, the agreement is considered very satisfactory.

Figure 20 represents the locus of the first-order zero temperature coefficients of frequency
in a polar coordinate system illustrating the threefold symmetry of quartz showing that. at an
angle $ + n 120° (n =0, 1, 2), the elastic properties of quartz are identical with those of the
angle #. Mode A vibrating extensionally has a negative temperature coefficient of frequency
for all orientations.



Figure 21 shows the frequency constants N of the modes B and C when Tf(!) = 0. Figure

22 shows the second- and third-order temperature coefficients of frequency for the thickness
mode C when Tf(1) =0 for negative angles of 8.

For mode C the second-order temperature coefficient of frequency is always negative and
reaches a minimum value. of about —8.5:10-9/(°C)? at ¢ =15°. The third-order temperature
coefficient changes its sign as a function of the angle ¢ at negative & angles but the zero
angles for the first- and third-order temperature coefficients of frequency do not coincide.

At the angle ¢ =15°, 6 = -34°30’, mode C shows a first-order zero temperature coeffi-
cient of frequency, a second-order temperature coefficient of frequency of —8.5+10-9/(°C)2, and
a third-order temperature coefficient of —2 -10-12/(¢ C)3 (see Table 5). This cut has been pro-
posed for practical applications and designated the RT cut [26]. Other double-rotated cuts
may be useful for application at low temperatures. For example, the C mode of the cut ¢ =10°,
6 =-83° shows a very small frequency change with temperature in the range —160° to 0°C, as
the three terms for the temperature behavior balance (Table 5). An experimental frequency-
temperature curve is shown in Fig. 23. The disadvantage of the double-rotated cuts is that all
three modes are excitable, modes B and C being rather close together. The separation between
these modes is in the order of T percent for the RT cut and in the order of -10 percent for the IT
cut. The B mode displays a large negative second-order temperature coefficient of frequency
for all zero temperature coefficient cuts, including the BT cut, which for practical purposes
makes mode B less useful than mode C.

APPLICATIONS TO AT- AND BT-CUT QUARTZ CRYSTALS IN AN EXTENDED
TEMPERATURE RANGE

The frequency and temperature behavior of the plates (yx1)&, the so-called rotated Y-
plates, is shown in Figs. 24-27. Figure 24 gives values of the rotated stiffnesses cgg’ = c44
sin? ¢ + cgg cos2€ + 2c14 cos @ siné, as a function of the angle & in the range 6 =-90° to
+90°, derived from the values cgg, cy4, and cq4 as given in Table 4 [9]. Figure 25 shows
the frequency constant N in the same range. Figures 26 and 27 give the first-, second-, and
third-order temperature coefficients respectively, calculated from the values given in Tables
7, 8, and 9, using Egs.(9) through (11). The ATcut is described by the angle 6 = 35°15 the BT
cut by the angle 8 = —49°13. The AT cut belongs to mode C while the BT cut belongs to mode
B. The jump from mode B to mode C occurs because there is one orientation for which the
secular Eq. (4) becomes degenerate, having two roots of the same value. It should be recognized
that it results in a discontinuity in the other constants derived from the stiifnesses, e.g., the
temperature coefficients.

For the family of cuts (yxl)& (¢ =0°) the secular Eq. (4) becomes

(7 1y=c) 0 o |
0 1'"23 (r33—C)

One root is ¢ = ["1;. This corresponds to mode C. The other roots are

r + 1y \
_Too 33 e 2 9 ~ 2
‘B "—— t3 Fog® + IMga® + 4194 20990 33

where the minus sign corresponds to the smaller root (mode B). Modes B and C have a common
eigenvalue at the value of & for which



T2 = Tylgp = Tylag + Togllay - Fga? = 0.

Substitution of the values for the c) , and the direction cosines leads to a cubic equation with a
single real root corresponding to an orientation of

6 = -23°50' .

Physically, the mode of vibration designated B for the angle & on one side of this value becomes
mode C on the other side and vice versa. The difficulty arises because the modes are defined

in such a way that mode A has the highest stiffness and mode C the lowest, where, for the region
under consideration, modes B and C actually cross and mode B becomes, for positive angles,

the lowest mode. For ¢ #0° there is no ambiguity as the solutions of Eq. (4) are all distinct.
The discontinuity is not apparent in the curves shown in Figs. 24 through 27.

Considering the AT and BT cuts, a maximum and minimum for the frequency-temperature
curve exist as a function of the orientation angle 6 following from Eqgs. (8) and (8a). The
behavior of the maximum and minimum can be represented by a parabola having the parabola
constant b, (4 = max or min) for the angle considered. The calculated and observed values for
Tmax and Tmm vs. the orientation angle 6 for the AT cut in the range ¢ = 35° to 40° and for the
BT cut in the range 6 = —46° to —52° are given in Figs. 29 and 30 respectively [17].

The inflection temperature T; is defined by

OTf _ 3%
3T 3T?

The inflection temperature for the zero-temperature cuts depends on the angle of rotation. The
inflection temperature for the AT cut is about 25°C. The inflection temperature for mode C
increases when the angle ¢ on the positive side of the angle ¢ is increased. Figure 26* shows
the inflection temperature obtained from cuts made of natural quartz when the angle ¢ is
increased from 0 to 30°,

For the IT-cut (¢ = 20°) the inflection temperature is about 70°C. The inflection temper-
ature T is given by

The inflection temperatures for the AT and BT cuts, as function of the angle £, are also
shown in Figs. 29 and 30. The temperature of liquid nitrogen N is ~196°C; for liquid hydrogen
H is —253°C; and for liquid helium He is ~269°C as indicated in these figures. The calculated
values for the parabola constant b, as a function of the orientation angle ¢, corresponding to
Tmax and Tmin as shown in Fig. 29, are presented in Fig. 31 for the AT cut, the values cor-
responding to Fig. 30 are shown in Fig. 32 for the BT cut.

APPLICATIONS TO QUARTZ CUTS VIBRATING IN CONTOUR MODES

The frequencies and their temperature behavior are determined for contour modes of plates
and extensional modes of bars by the elastic compliances and their temperature coefficients.
Two cuts of interest exist for square plates which have one side parallel to and are rotated
around the X axis at angle &, i.e., cuts of the orientation (vxl)c, where the first-order tempera-
ture coefficient of frequency is zero, the CT cut with an orientation angie of approximately

*Figure 28 also shows the second- and third-order temperature coefficients of frequencw when Tf(l) =0

as a funcuon of ¢. At positive angles of €, the AT cut is obtained for ¢ = 0°, and the IT cut obtained
for ¢ =20°

n



= = 38%, and the DT cut with an angle of approximately =~ = =51°. There are three types of
these cuts:
1. Square plates with one side parallel to the X axis, Ysp> = (yxl)~.

2. Square plates with the X axis diagonal, Ysy5° = (yxlt)945°.
Contour-extensional mode I of square plates [27].

3. Circular plates Y g0.

The frequencies for these three modes are given by the equation

P
= — (12)
2h f ps'ss

where h is the length | of square plates or the diameter ¢ of circular plates. The expressions
for F for plates Ys0° and plates Ys45° where F = 1 can be found in [27], while for circular

plates Y3, no solution has been derived. However, the value obtained experimentally on circu-
lar quartz plates is F = 1.0551 ¢ 1 percent.

Figure 33 gives the values for the rotated compliances s's5 = s'yy = sy cos2< ~ sg6
sin®~ — 451y cos~ sin- as a function of the angle = in the range © = —90° to +90° as derived
from the new values sgg. 544, and sy presented in Table 10, Figure 34 shows the frequencv
constants N in the same range mentioned for the three cases Ya0~, Y=y5° and Y3,. Figure 45
gives the first-, second-, and third-order temperature coefficients of frequency calculated from
the new values given in Tables 11, 12, and 13,

[t may be mentioned that the two zero angles of the temperature coefficient of frequency,
first-order, are slightly dependent (in the order of #1%) on the configuration, the thickness of
the plating, and the mounting of the plate. Table 14 gives the observed and calculated values
of the frequency constants and the temperature coefficients of frequency for the CT cut. Table
15 presents the same information for the DT cut. The experimental values given in Tables 14
and 15 for the zero angles are obtained from earlier investigations where the electrodes were
sprayed and baked [28]. According to Eq. (12), the values for the temperature coefficients of
frequency of the three modes are equal, as F is a constant determined by boundary conditions
and therefore all three modes should have identical angles for their first-order zero temperature
coefficients of frequency. '

The calculated maximum and minimum for the frequency-temperature curve as a function
of the orientation angle < are shown in Fig. 36 for the CT cut. In this curve the experimental
values for Trin, assumed to be linear in 2587, are also presented by dashed lines. The
theoretical and experimental values are in very good agreement. The calculated values for the
parabola constant b for this cut as a function of the orientation angle -, corresponding to Fig.
36, are exhibited in Fig. 37. Similarly, the calculated temperature of the zero temperature coet-
ficient of frequency vs the orientation angle ~ for the DT cut is shown in Fig. 38, The calcu-
lated values for the parabola constant b, for the DT cut as a function of the orientation -,
corresponding to the zero coefficient temperature curve of Fig. 38, are shown in Fig. 39,
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TABLE 1

FREQUENCY TEMPERATURE BEHAVIOR OF AT, BT, CT, DT, AND RT CUTS

cur ANGLE a b c
& 6 10-8/°C 10-9/(°C)2 10-12/(°C)3

AT 0° 35°15' 0 0.4 109.5
AT

Opt. Angle 0° 35°20’ -0.40 -0.02 109.3
BT 0° —-49°12’ 0 —40 -128
CcT 0° 36°20’ 0 —-58 -151
DT 0° -50°40' 0 -17 52
RT 15° -34°30' 0 -6 -2

TABLE 2

GENERAL EXPRESSIONS FOR THE CHRISTOFFEL STIF FNESSES [y,

THE PIEZOELECTRIC STRESS CONSTANTS E . ,
AND THE DIELECTRIC PERMITTIVITY ¢4

1

2 2 2

b ) ag Ggl3 a2y 2109
PR} Cyq Cg6 Css 2cgs 2c5, 2c16
Py Cge Coo Cyyq 2cy, 2c46 2cq9
Caa Css C44q 33 2c43 2c35 2c54
Cos Cgs Cao4 Cy3 Coz *Cyy C45 *Cq3 Cgq tCog
Cya 51 €46 Cas C45 *C36 €31 *Cs5 Cs6 * C41
AP C16 Cg2 C54 Cey *Cs2 [Cs6 TC14 C12 *Cgg
B, e €96 e3s eos5 te3g |31 *e15 | €16 *e21
B, ®18 €92 €34 egq *€32 | €36 14 | €12 T e
B, @15 €94 e3s3 egg teg, | €35 *eq;3 e1q tegg
€s €11 €99 €33 2e93 2¢y3 2¢yq

15




TABLE 8

EXPRESSIONS FOR THE CHRISTOFFEL STIFFNESSES I"“‘,

THE PIEZOELECTRIC STRESS CONSTANTSE j AND THE
DIELECTRIC PERMITTIVITY ¢, FOR THE TRIGONAL CRYSTAL CLASS
Dg, e.g., ALPHA-QUARTZ

0.12 a22 0.32 a,2a3 aaal 0.10.2
Iy 1y Cee Cqq 2cyy 0 0
Cog Cge cqq Cqq =2cyy 0 Y
ra 044 044 033 0 0 0
Ty C14 —Cyy 0 C13 *Cyy 0 0
r3 0 0 0 0 cla +C44 2014
I"l 0 0 0 0 2014 012 +066
1 e11 -e11 0 —C14 0 0
E 3 0 0 0 0 0 0
€3 €11 11 €33 0 0 0
TABLE 4

ELASTIC STIFFNESSES c) , IN 10° Nm'2
FOR ALPHA-QUARTZ AT 20°C

STIFFNESSES OF QUARTZ

STIFFNESSES OF QUARTZ

A Bechmann (9) Mindlin and Gazis (15)
thEa X #Dv Chu

11 86.74 87.49 86.75

33 107.2 107.2 107.2

12 6.99 6.23 5.95

13 11.91 11.91 11.91

44 57.94 57.98 57.8

66 39.88 40.63 40.4

14 -17.91 -18.09 -17.8
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TABLE 6

VALUES FOR Tec, (D, TegeD, Te,, (D IN 10-6/°C USING TWO
DIFFERENT ZERO ANGLES OF THE AT AND BT CUTS

ZERO ANGLE ZERO ANGLE

AT: 6 =35"15' AT: 6 =85°22 A

BT: 6=-4)°13 BT: 6 =-49°40' PERCENT
Te,, D -177.4 -175.6 1.02
Tcge' D 177.6 179.3 0.96
Tc,,D 101.3 103.9 2.55
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STIFFNESSES FOR ALPHA-QUARTZ IN 10-9/(°C)?

TABLE 8
VALUES FOR THE SECOND-ORDER TEMPERATURE COEFFICIENTS OF THE

GPO (23] . NEW
MASON (22] RESEARCH REPORT KOGA, et al.[24) | 41 UES
1951 No. 13524 1958 1961
1951
T, =50°C T, =20°C T, =20°C T, =25°C
Tc,,(? -5 -407 -107
Tegy? -187 e -1412 -2175
Tc,(? -1500 —_— -1245 ~3050
Tc 4 —2000 -596 -1150
Tc,,(® -212 -233 -225 ~216
Tege? -5 193 201 118
Tc -270 -82 -13 -48
TABLE 9
VALUES FOR THE THIRD-ORDER TEMPERATURE COEFFICIENTS
OF THE STIFFNESSES FOR ALPHA-QUARTZ IN 10-12/(°C)3
MASON (22] KOGA et al [24] NEW VALUES
1951 1958 1961
T, =50°C T, =20°C T, =25°C
Te, P ~15 -371 ~70
3 ;

Tegyt?) -410 -243 -250

Tc o3 1910 1195 -1260

Tc,y 3 600 ~5559 -150

3 s

Tcy —65 -190 ~216

Tcgg > -167 —177 21

Tc @ -630 -625 -590
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TABLE 10
ELASTIC COMPLIANCES s, , FOR ALPHA-QUARTZ
AT 20°C IN 10-12 p2N-!

COMPLIANCES OF QUARTZ
COMPLIANCES OF QUARTZ Calculated from Mindlin and
According to R. Bechmann (9] Gazis (15]
Using their Values Ch
Ec D
}\/J, S)\# S}\-# 7 S}\“
11 12.77 12.64 12.71
33 9.60 9.60 9.60
12 -1.79 -1.66 -1.61
13 -1.22 -1.22 -1.23
44 20.04 20.03 20.017
66 29.12 28.58 28.64
14 $.50 4.46 4.41
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TABLE 12

COMPLIANCES FOR ALPHA-QUARTZ IN 10-9/(°C)?2

VALUES FOR THE SECOND-ORDER TEMPERATURE COEFFICIENTS OF THE

GIEBE {95] GPO[23]
AND MASON[22] | RESEARCH REPORT | NEW VALUES
BLECHSCHMIDT 1851 No. 13524 1961
1940 1951
T, =50°C T, =20°C T, =25°C
58.5 85.3
144 247
-575 -1385
-2110 -718
298 200 272 262
-118 —18 —~83 —85
40 83 93
TABLE 13

VALUES FOR THE TH RD-ORDER TEMPERATURE
COEFFICIENTS OF THE COMPLIANCES FOR
ALPHA-QUAFTZ IN 10-12°(°C)?

MASON [2¢] NEW VALUES
1951 1961
T, =50°C T, =25°C
Ts, ¥ 33 38.3
(3 -
Tsy ¥ 570 300
i
Ts,o =215 ~1460 ?
Ts 610 -523
Ts,,® -26 162
3
Tsge® 3 -135
R
Ts -54 —465
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TABLE 14

FIRST-, SECOND-, AND THIRD-ORDER TEMPERATURE COEFFICIENTS

FOR THE CT CUT VIBRATING IN CONTOUR MODE

g MEASURED AND CALCULATED VALUES FOR FREQUENCY CONSTANTS N AND

b OBSERVED CALCULATED
' Ygo° Y450 Yoo Ypg° Yg45° Yoo
(yx1) Angle 6  |37°40’ 36°15' 36°20’
; kc-mm N 3087 3583 3766 3145 3594 37938
s ... \
10-8/°C a 0 0
10-9/(°C)2 b | -58 -58
; i
; 10-12/¢°C)3 ¢ ; ~-151 -161
| :
; 10-6/0(: i { 5.28
f K _ae E Y
i
b !
10-9/(00)2 _— ; 4.75
or
, i
‘i -12 7100 ~\3 L i
| 10°127¢C)3 — ! 2.10
S |
t ) []
;, °C T, ! 25 25
i 2T |
°C - 45° See
: o€ : Fig. 36

S —

e ke b W e w e e

L ey v
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TABLE 15

MEASURED AND CALCULATED VALUES FOR FREQUENCY CONSTANTS N AND
FIRST-, SECOND-, AND THIRD-ORDER TEMPERATURE COEFFICIENTS
FOR THE DT CUT VIBRATING IN CONTOUR MODE

OBSERVED CALCULATED
Yoo Yoys° Yoo Ygo° Ygys0 Yoo
(yx1) 6 Angle & | -51°50' -51°10" —50°40’
kc-mm N 2073 9341 2471 2085 2356 2486
NS—h———— i - P
10-8,/°C a 0 . ; 0
109/°C)2 b 17 ~19.4
10°12/¢°C)® ¢ 52 E 75.6
3 %
10-8/°C = i —-2.30
folea i
i
2h '
10°9/¢°C)2  — ! -2.01
~C
10-12/(°C)3 —— ~1.06
cr
°C T, 25° 25¢
°T_
CC - _"'SC
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Fig. 2. Orientation of a quartz plate described by the angles ¢ and 6:
Plate ¢ = 15° 6 = ~34°30".
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coefficient of frequency (first order) Tf for quartz plates of different

orientations vibrating in thickness modes.

Fig. 3a Frequency constant N,
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Fige 9 Model of the piezoelectric constant e for quartz plates of
different orientations vibrating in the thickness mcde C (Photograph)



(udea3onoyd) vy epow ssoD{oW oWy
UT SuTjeIqTA SUOT}RIUSTIO JUAIBIJTP Jo sejerd 2zg3aenb Jog Qwa

J9PI0 3SITF Louenbazy Jo JUSTOTIIe00 arngeraduey sy3 Jo TOpow OT °*Itd

a



(ydeadgoyd) g epow SsewWidIyF oyy
uT 3UT3BIqTA SUOT}BIUSTIO FWBISJJIP JO seqeTd z3JTnb J0J3 Q”wa
JOpI0 3sITY Aouonbary Jo quetror;Jeoo aunqersdudy ey3 jo Topoy

1T *31g

42



5
(D

-

'

(ydezdojoyd) O dpow SSAUNITY}
9y} uT 3UTIRIQTA SUOTIRIUITLIO JUSIBJITP Jo sdjerd 2idendb JoJ
JIapJac qSIT) Adu9anosday jo FJUSTOTIFO00 aanistedweq 8yl Jo T9pojl 3T

* 51

d

43



=11
800..
| MININUN e
_'0 /
600-
- 80
~40
40° 2 3
+4 <+4 :: ':
+30 +10
+20 3
+12
+10
/
+12
—
0
-40% =5
—40
-60°— -80
- 80
NINIMUN
_800_
-11
] T ! | 1 ]
0 5¢ 10¢ 15 20° 25¢ s 30
wooe ¢ T I 1078 /00C)
Altiwdcchlrt

Fig.

13 First-order temperature coefficient of freq

4

uency for the C mode?



VYD WPNITYTY apow § ey3 Joj fouanbeay jyo quaysryjeoa aan9eladuwe] J9pJIO-pucdeg

Tt *2r4 °
R (s
<
T
b4
T s =l ®
( T
o
— g
- o8
o _—
= P <
' =2 =
— Ao
$ b
- =N
< []
) S ©
— 5
=
———,
o~
S
[~ S e
o
o 04
5 Las
o
O
o =
o -
T
[ J
— >
w
[}
{ i { =
S S & S S & & > >
=g o o - (X< <«
[} [] [} ]



-8
=100

80°

-49
60° 0
+ 30

40°

20%

0°—

_200...

_400_.

-60°— =10

=60

-80°
ad 11

T T l l
0° 5 10° 15° 20° 25° 30°

MODE ¢ TF ¥ v 10712 /(0c)3

Fig. 15 Thirdeorder temperature coefficient of frequency for the C mode: Altitude Chart
46



/ S
= T )
_ I
. 6
w L !
T ~
o ! &
:_J D
o~
——
<O
[ ]
<
o
~ g 7 v :
) ! | ' .
Y]
-
————
-
o —
o S
S | -
] : :
D
—— ”~
A J
o
. Lo
b [ =1
N [ =)
MW ° b 4
. _ S
o~
+
L -3
et 2
(-]
b= &
>
[~ «] - .
g R J <
P (=] &
S b [
N i kil



107

=95

80°

S
17

40°

~30

=~20
=20

~40

=350

-39

<
- 40

-2

-40

20°

0
~ 200
-40

=60

~80
=107

=10

~80

-60°+

[
-80°

!

0

30°

e5e

20°

L NIONY:

HooE g g4 (2



SH)
- +125
-125 = |

-110

600-

40°

:!00_.

-138
- -13%
-130

l I ‘ ! ‘
0° 50 10° 15° 20° B o

wope 8 TEC) W oj0T /e

N _ - . " + Ny e
Tig, 1% Thirdecrier rermperature cnefficient of srequency fcT the B mede: Altitude Crast

4"



"weis A8 eIvLIpI00o Je[nFuwioer v Ul ¢ pus g sejus ey jo uonounj
v 8% 8099]d z3aenb jo ) pus g sepow §80UYOIY) 0y 40} O = (1)41 Jo smo0] 61 314

¢

o v wera ) 0 -

oo | s | .17,
Nﬁ/ 0¢-

._.x\ /I/r '

P cnwae 1'-1‘-




30° g0e
10°

- 80.

Fig. 20. Locus of Tf(1) = O for the thickness modes B and C of quartz plates as a
function of the angles £ and 7 in a polar coordinate system.



o0f

o8¢

24

0 = (7)JL USYM D PUB g S8POU JO SIUBYEUOD Louenbeay T2 °*3tg

o0¢

¢

o9l ocl

o8

of o0

G+
9 300N

\

/\

|

9 300K

—— -

0091

1v

0081

000¢

002¢

00be

009¢

AW-O% N

52



‘g jo se|duw aansvdou a0 0 - (1)d.L ueym 5 opow

ssouya1y) ay) Joj Aousnbel) Jo s1uaLOY oV AN BIIAW) JOPIO-pIlY) PUB-PUODDS ‘GG “B1y

d
g 82 K7/ 0 J1 8! 2 8 & 0

09-

2 \ 0b-

—f
-y
..-.o 0¢- |.w
sy o [ ]
P e 'N, 'ﬁ e ..... \\ %
T — ~ -].ﬁlolo‘ a— m
o® W
of 0 =
o S
. S
ooooo 2
™
ooo.ooo l—lm
Eoo!oooo.o.oooo 0

¢

i} 4

53



002lI

08

Ot

o0

*Jo0 01 D005~ 88usl eamuiadway
o1 ul eouopuedep ainjeiodwe) [[ews 8 Juiavy , 5~ ‘o 01 (3 mxA) 0o zaend) gg “diy

Jo JUNLIVHIANTL

cO.VI

oowl

o02Ii-

009l-

\

O
o

o

(0474

O
Y

@)
?
e Nl;—% IONIHILANA AININOINA

002~

o
O
[

S4



006

o0l

v ©ldus ayj jo uooun) v sV p (3 x£) uonwol i) (tro) 99 sossouynNs onsvly] pg iy
I} ' - . . .

008 o0¢

o0l

8
o0

o0l -

o0€-

o0G-

o0l -

006 -

_ e——

P

0¢

" 3008

0¢

g 300K

P

0§

wy .0l 99
2- " 6



‘9 eldus ey} Jo uonouny v S8
g (3 x£) ey81d ey Jo apow Jeveys-sseuyoly) ay) jo N UBISUOD Adusnberd ¢g -Fid

6
o0l 006 oom o0l o0 o0l - o0f- o0G- o0l- 06 -
: 0091
1V
J 300
/ N 0081
/ \ 10002
/ 00¢
\.ocew
8 300K

009¢

- N

56



«06

U Tivsee vy gv ==y - -

3

6 (¥x£) eys[d eqs Joj Asuenbesy jo jusioyyjeod o.__se._o.&.:we ._.ov..m.um.:& ‘93 d1d

6
0l o0S o0¢ o0l o o0l- o0¢- o0G - ¢0l- oomc.v_-
001-
\. \\ 09-
0¢-
/ 14 \ 0
:/
_ \ 02
\
L_.\ 09
9 300H _ g 3000
(\
001

0¢l

20/ 0131

57



oow-
0pl-

001

‘9 oJdus oY) jo ucKOUNy v $B sopow ssouyoIyl ul dunvaqia ¢ (} xL)
99(d oy} J0j Aouenbeyj jo sIUL101J000 aunjeiadwiay) JOPIO-PILY) PUV -PUOIIN LG
8
o0l 005 o0 0l o0 o0I- o0f- o05- o0L-
ot 4 # ) ....o.
l.' ‘
v e ~ ..... )
- ~» ~=1001-
oto / - 4 \\
ao-. / ....IAI./M =U , 7’
K \ s s —
Ol ’ -o \ cm| J)
X \ . 7 2
l. o- \ —
too , ﬁona g \ 0\-’
% \ : { s
g \ ’ 3
o- .n \
Ky A} - 7 0¢- /ﬁl&\.
s \ ’ -
..«. \ n.. \.ﬁ 0 MMU
3 y \ 19
. \ 2 4 - ON
. b 7 r
| . \ . / /w
| ... ; / T~ .
ﬁ QO tol \ N C
" 1 \ Y 7
5 St - — 09
9| 300N % 300w

021




Jo NNIVHISBL  NOILIIUIN

o0f

02

o0t

i)

o0§

09

0L

o08

«06

Ol

Ou (1)3L ueym Kouenbeyj jo Bco_mE.ooo einjsiedwe) Jepio-piiy) pue .E.Boom ‘85 dig

82

e

o0¢

Il

®
ol

o8

o o0

X“M

|

—— ) -

el ) G gy

no-])

0¢-

ol-

0L

08

06

0ol

o



TE!PERATURE °¢

400

300° r g
"
7
o Tmin
200
100 4=
/ _‘,o"” .-"—'-
[ _L—=- Ti
0
\ -—---<+CALCULATED
N\ —t OBSERVED
(2
-100
Tmax \\
_206 >~ N —
~273 e
35° 36°  3I7° 38 39°  40° 4I° /Z
— 9 He

Fig. 29. Observed and calculated temperature of zero temperature coefficient of

frequency vs the orientation angle = for the AT cut.

60



TEMPEF"\’ATURE °C

Lok s
g' g L =2 89 [ — P g° g
> ®
]

4
*
= |
]
(2]
[ —J
- |
i
'S
«©
[ ]
]
|
i
' ]
g 1
[ [ xd
[=— 2
[= -2 ey
w
SE |4
=3 F
' S
Y
-3
e
g\
l\.:: =
o 11 i
o0
[
'
o
<

Fig. 30. Observed and calculated temperature of zero temperature coefficient of
frenuency vs the orientation angle ¢ for the BT cut.

é1



bu

80 (-10°9
/
o bmiy/
40 // .
20
0
-20
\
a \\
-0 b moxk\
N
-80 \
-100 . .
35 3 31" 3’ 39 40 “

— 8

Fig. 31. Calculated values of the parabola constant b in 10-9. (°C)2 for the AT cut

as a function of the orientation £ correspomﬁng to the zero temperature
coefficient curve of Fig. 26.
62



80 109

60

40

20

-40 bmax

__’0

Fig. 82 Calculated values of the parabola constant b, in 10~9/( °C)2 for the BT cut
as » function of the orisntation & corresponding to the zero temperature
coefficient curve of Fig. 26.



‘v olduw

oY) Jo uonoun) 8 s g (} xA) uonwvlol 10§ ( vwm =) m”\‘.m aouuljdwos o188 ‘¢g Iy
8
006 o0l 008 008 o0l o0 o0l- o0€- 008- o0L- o06 -
I 0l
\\ // Gl
\ 0
N Ge
/ 0¢

Ge

N gWg 015

64



006

g oldus oy Jo uonoun) B 8 g (} XA)

sy 105 068, %0 008 sapow mojuoo oyy 10j N SIEISU0D Aouonbaid “bE AL
o0l 008 o0E o0l ..m o0l- o0f - - - B
oo:?_U] 000¢
f | \ 2 / 00+2
]
N /// L/ \\\ 10 02
/ \ |
7/ \\\\
/ \\ 009¢
19 [
000t

HW-0% N

65



90*

...‘ 7
L S
o S8
|
\
< 2
=

o
=1
o~d
)
o
52
t
C

L L]
. b=
N «©w
. !
: o
. o
3 w
. / |
‘) / o
L l b=
[—] [ =1 (=3

& =8 = < 5 8 §8 =2 7

'

w(30) [ (gaug- 0l (il
Fige 3C First-,second- and third-crier temrerature ccefficierts cf frecuency for

tre plates (vx {) ¢

anrle ¢

vibrating in contour modes as a function of the

&6



ol

Ino~1) @Yy} J0F @ dT3ue UOTIBRIUSTIO mf *SALIOpI0 33ITJ Aousnbaaxj jo
JUITOTJJO00 danjeaaduBy 0I9Z 3y} JO sanjedadwoq pajeTaOTed pue PaAIdISq 9€ *Ifd

e
e_e. o0t . omm o8¢ olt 03¢ oS¢ obt
otll-
/
) 000¢ -
/ 0001 -
3A43%80 ------ - \
82._2._5 —_— _- ol ,
P v 0
| -7 = T
% “xpuw
?MJ.\\-\\ : +001
\o \\ >
\\\ $002
0062

Jo JUNIVYHIdNIL

67



*gg 'F14 JO 8AIND ue[0]j}000 02 8Y) 0) JuipuodeenIod g UOKEIUSLIO 8Y) JO UCIdun)
® 89900 LD oY) 30j 5(D, )/ g-0T Ul q Jue)su0o vjoquied oy} 0) seN|UA paye[ROI8) ‘Lg ‘Hid

ol

8

ol o0 06¢ o8¢ ol

09t oS¢ obt

/

7:5

C_ED

5-0 -

061 -

001 -

06 -

0S

00l

061

4



uonevjuelIo oy 84 Aouenbeyy jo juetoryjeoo einysiedwes o1ez jo eanwiedwe; peysinoje) ‘gg ‘Jig

e

o9b- olb- oB8b- obb- 006 - olG- 00§ - o£§- .%..o 02 -

our

N o0

(INIE0 -~~~
G3LVINI VY +——— S

w NN o001
)

Jo  NNIVYIdNIL

\ o002

e 00

«00P

\

«00S



80 107°
60 "
//
40 /b/
/ min
20— ~
//
T\
-20 \ ;
. \\bmox
] ~]
\
\
-60
-80
S

Fig. 89. Calculated values for the parabola constant b,, in 10~9.( °C)2 for the DT cut as a
function of the orientation & corresponding to the zero coefficient temperature
curve of Fig. 85.

70



204075

10

(A.

' max

-30

-60

-40 -20 0 20 40

—T

60

80

100

120

Fige LO Schematic frecuency termperature behavicer of an AT-cut in the vicinity
of the first-order temperatmre coefficient ¢

n



_ APPENDIX 1 -
VALUES FOR THE MATERIAL CONSTANTS USED IN THIS INVESTIGATION

In order to determine the values for Tc;w("), TsM‘(”) (n = 1,2, 3), the following values
for the material constants of alpha-quartz have been used in the course of this investigation:

1) Elastic stiffnessess c) , of alpha-quartz are given in Table 4; elastic compliances s)\g
of alpha-quartz, in Table 10, )

2) 11 0.171
e1s4 = 0.0408
Piezoelectric stress constants in Cm-2 of alpha-quartz {9].

3) €llT = 622T = 39.97 ells — ellT = - 0.76

€3sT 41.03 €338 - €33T =0

Dielectric constants in 10°'2 F m"! of alpha-quartz.

1) ap(M = gD = 13.7110°8/°C
azs(l) = 7.48
a11(®) = a92(2) = 6.510°%/(°C)2
a33(?) = 2.9

"

21103 = age(® = - 1.910°12/(°C)3
:133(3) = - 1.5

Coefficients of thermal expansion of alpha-quartz.

5) o = 2.650 103Nm-1s2
T, = — 34.9210°6(°C)
T, = - 15.9 10-9/(°C)?
T,® = 5,30 10"12/(°C)3

Density and its temperature coefficients of alpha-quartz.
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APPENDIX 2
ANALYTICAL EXPRESSIONS FOR THE FREQUENCY-TEMPERATURE CHARACTERISTICS

For practical application, as well as for theoretical consideration, it is necessary to define
the frequency-temperature behavior quantitatively, introducing some constants—the temperature
coefficients. The measured frequency f of a crystal unit as a function of the temperature T can
be developed in a power series in the vicinity of the frequency f_ at the arbitrary temperature T :

==L 8,(8)[T - T1 + b (6)[T - T2 +
, (A2-1)
e (BT = T3 + «ooo)

where a0(9), bo(e), and c°(6) are the first-, second- and third-order temperature coefficients of
frequency as defined by

_ 10t 1 ,3% 1, 2%
8,(6) = fo( 570, 2@ =5 (o) e = g (=) (A2-2)

These constants are functions of the orientation and the other influences mentioned. The temper-
ature coefficient of the frequency is given by

1 f
Tf =—f°-3; = a (8) + 2 ()T - T] + 3¢ (6T ~ T2 (.42-.3)

For the —60° to +100°C temperature range usually considered, temperature coefficients of order
higher than three can be neglected. The three temperature coefficients can be related to the
corresponding coefficients of the elastic constants involved and the coefficients of expansion.

Relating the power series to the temperature T, instead of the temperature T . we can
write Eq. (A2-1) as

Af |
T ST T sOIT - T+ byO)IT - T,12 + ¢ (&)I(T = T,1% + - (A24)
1 1

where the coefficients a,(6), b (£), and c () are referred to a_(£), b (€). and ¢ (&) by the
following equations

-1 2
“ o (a, + 2b (T, - T)) + 3c(T; = T)>*!

1
b, iy [b, + 8¢ (T, - T)I (A2-5)
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c 1 = — O (A2'5)

p=1+a (T, —T) + b (T, - TY® + (T, - T)%

[o]

A family of frequency-temperature curves is then given by the following expressions,
assuming the change of the three temperature coefficients to be linear with angle of orientation:

-%f- - 30(90){'1‘ - To] * bo(eo) [T - TO]2 * 00(90)[T - TO]3
(A2-6)

da (6) 3b (6) dc (6)
(T - T + [T - T_12 + (T = 1,1% (6 - 6y,

9@ ° 96 ° 6

where da_(6)/36, db _(6)/30, and 3c (9)/30 are the derivatives with respect to the angle of
the three temperature coefficients, respectively. The linear terms are sufficient for a 1° range;
higher terms for the derivatives of the temperature coefficients must be introduced when con-
sidering a wider range of orientation.

In the vicinity of a zero angle of orientation for the frequency, when a_ is zero or very
small, two types of frequency-temperature behavior may be distinguished.

a. In case where b_ is rather small and c_ large, the frequency-temperature characteristic
has a cubic form. An example is the AT-cut where generally b is smaller than
5 + 10°9/°C)2 and c in the order 100 - 10-12/(°C)3. Another example is the GT-cut
where both the second- and third-order temperature coefficients are very small.

b. In most of the other cuts, the second-order temperature coefficient is predominant, giving
a parabolic frequency-temperature characteristic.

Considering first the frequency-temperature characteristics of an AT-type crystal, a typical
frequency-temperature curve for an angle of orientation, giving a small negative value for the
first-order temperature coefficient of frequency, is shown in Fig. 40. Some characteristic quanti-
ties for the frequency-temperature behavior are: maximum and minimum temperature (T}“ax, T in)
together with the corresponding maximum and minimum frequency change (A6f  , AEE L)
the inflection temperature (T.), i.e., the temperature for which the derivative of the temperature
coefficient of frequency becomes zero; and the temperatures T and T, where in the case con-
sidered T, - T, = 2(T - T

min max)'

The analytical expressions for T . and T__ follow from Tf = O

2
- bo t’\/ b0 - 3a_c

- T = . (A2-T)
max 3c,,
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The comresponding frequency deviation is given by

3
+ 2b2 -3 c + 23 -9abc
(&) o o%o o 0 00

i = — (A2-8)
fm ax 27 co2
min

From this follows the expressions for the difference between the maximum and minimum

temperatures
2
é\/bo - 3a.oco

Tmin = Tmax ~ 3o ) (A2-9)
o

and the corresponding total frequency change

3
2
‘\/b - 39.00o

Af AOf 4 o
(—) -(=—) == . (A2-10)
t max f min & 002
: : o 3TF _ 3%
The inflection temperature T, is defined by —~ = ——= 0, hence
oT 312
bO
Ti - To = - —30— . (A2-11)

o]

The following equations are of practical interest:

Af Af
(+) (<) e (A2-12)
Toin = Toad®
and
Af Af
(—f-r?iax —(Tmin _2 b, - 3a.c, (A2-13)
T in — T, ax 9 c,

Introducing the inflection temperature T, as reference temperature instead of T ,"where
T, - T, = =b_/3c_, then b, = 0and Eq. (A2-1) simplifies to

f - _AF 3
-——r—' = T =a(T - T) + (T - T)", (A2-14)
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where

1 8aoco - b02
n‘ b i ——————
' p 3¢,
_1
¢, = -; <, (A2-15)
2b 3 - 9a b c,
p =1+
27c 2
Equations (A2-7) and (A2-8) then simplify to
- ai
Thin - T ° iv-éz- , (A2-18)
max 1
and
3
—-_a.
(<L) - o — (A2-17)
f max 27c;
min
For Equations (A2-9) and (A2-10), we obtain
=
Tmin — Thex =3 3c. (A2-18)
1
and
3
Af (Af ) -4 - 8y (A2-19)
f ‘max f min 27c, i
Equations (A2-12) and (A2-13) simplify to
At A Of Af
(L) (AL (L) (At
f max f min __C_i f max f min _ 2a (A2-20)
3 g R
(Tmin - Tmax) 2 Tmin - Tmax

The above formulae describe the frequency-temperature behavior of an AT cut with suf-
ficient accuracy in the temperature range considered.

For the AT-type resonator, there is one special angle of orientation £; for which for the
inflection temperature T j, the first-order temperature coefficient a; is zero, so that for this
special orientation the frequency-temperature characteristic is represented by a single term

Of

f = CJ(t‘J) [T - TJ]s ’ aJ(eJ) =0 ’ bJ(eJ) =0 *

(A2-21)
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This equation may be called the main frequency-temperature characteristic.

In case of the BT-type quartz resonator and similar cuts with a parabolic frequency-
temperature characteristic, the relations given above hold. In the temperature range considered,
only one maximum of the frequency occurs. Instead of the inflection temperature T, the tem-
perature Ty at which the frequency maximum occurs is a significant temperature,

The frequency-temperature characteristic related to its maximum is given by

== b @ [T - T, 12 4oy [T - T,.0° . (A2-99)

From Equation (A2-5), we obtain

1
Bm =;-[ao * 2, (Tpex = Ty * 3¢, Thax ~ To)2] =0

b, =\ by? - 8ac, (A2-23)

m °
Tmax - To = 3¢
° (A2-24)
a, a,
I T

Tmax as a function of the angle of orientation of the plate can be obtained from the derivatives
of the temperature coefficients a,(5), bo(€), and co(f) or from the derivatives of the temperature
coefficients by (£) and cpm(€), with respect to the angle of orientation.
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APPENDIX 3

9
COMPLETE EXPRESSIONS FOR BT 9"‘ WHERE T, IS THE MAXIMUM OR MINIMUM

TEMPERATURE OF THE FREQUENCY-TEMPERATURE CHARACTERISTICS

The expression for the frequency-temperature variation of a particular mode of motion, as
given in Equation (8) and Appendix 2, is used to calculate the temperatures T, where the fre-
quency deviation becomes a maximum or minimum:

o _=by Mo 2 e .
T, - T, = AT cr 5= ) T (A3-1)

CO o

where a,, b, and c, are the temperature coefficients of frequency in Equation (8a) taken at the

temperature T,. These coefficients are functions of the orientation of the plate and determined
from Equations (9), (10), and (11).

The variation of T, with respect to the angle o follows from Equation (A3-1). The sign
chosen is the same as that in Equation (A3-1).

2 ET# 1 aao abo 8 boAT aco
- —_— T _ - , —t(— —_— .
P T 3% - 57 Ty e T 0T T e, T b 55 (as
9T, a
p.b, . -—a?= -= (8, = 6) - b AT (& - 6,) , (A3-3)
where b, is the parabola constant b at T, and
p =1 +aAT +b AT? +c AT3, where AT =z 1, (See A2-5)

19
further, 4, = ~ _ﬁ}- is is the first-order coefficient of the quantity x with respect to

9T
the angle 6. Equations (A3-2) and (A3-3) yield > when ¢ is substituted for 6.
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APPENDIX 4

VALUES FOR THE TEMPERATURE COEFFICIENTS a, b, c WHEN THE
REFERENCE TEMPERATURE T, IS CHANGED TO T1.
(EXAMPLE: THICKNESS MODE C, (yxwl)10°,-33°)

The first-, second-, and third-order temperature coefficients of frequency a,, bo, co in the
power series (A2-4) are related to the reference temperature T, when the reference temperature
T, is changed to the temperature T1. Equation (A2-5) which transforms a,, by, ¢o to a1, b1, c1
holds. The equation may be applied to the cut ¢ = 10°, & = —33° which has temperature
coefficients related to the 25°C temperature, as shown in Table 5. The temperature coefficients
a, b, ¢ were transformed to the temperature 0°, —40°, —60°, and —80°C. The transformed values

are as follow:

T 10-% . " b'o 0 19 c 3 Inflection
/°C 107%/(°C) 10°4/(°C) Temperature
25°C -0.87 -7.81 -21.5 -96°C
0°C -0.532 —-6.19 -21.5 -96°C
—-40°C -0.130 -3.62 -21.5 -96°C
-60°C -0.011 -2.33 -21.5 -96°C
—-80°C 0.06 -1.04 -21.5 -96°C
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